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The infrared absorption intensities of torsion-rotation transitions were theoretically derived on the basis of

torsion-rotation interactions of molecules with symmetric internal rotor.
molecular structure parameters and molecular dipole moment.

The theoretical intensities depend upon
Implications of the present theory are discussed

on absolute intensities, orientations of dipole transition moment, band types (A, B, or C), and deuteration effects

on absorption intensities of methyl torsional transitions.

For propylene oxide and propylene sulfide, the far in-

frared spectra of the gaseous state were measured, and the experimental absorption intensities of methyl torsional

vibrations were compared with theoretical intensities.

A number of investigations on internal-rotation
barriers of symmetric internal rotors (—-CH,, —SiH,,
—CF; etc.) have been carried out by the microwave
spectroscopy?) and far-infrared spectroscopy.? Far in-
frared bands due to torsional vibrations often exhibit
complicated contours due to torsion-rotation inter-
actions.?) For detailed analyses of torsional bands, it
is necessary to elucidate the effects of torsion-rotation
interactions not only on energy levels but also on
absorption intensities of torsion-rotation transitions.
The effects of these interactions on energy levels have
been extensively studied for analysing microwave spec-
tra of molecules with symmetric internal rotors.® In
the present study, the infrared absorption intensities of
torsion-rotation transitions have been worked out,
taking account of torsion-rotation interactions.

Torsion-Rotation Wave Functions

The model used in the present study consists of a
rigid frame and a symmetric internal rotor that performs
torsional motion with respect to the frame. With the
principal-axis-method, the Hamiltonian (H) for this
model is given by?

H=H + H + H, (1)

where H, and H, are the rotational and torsional
Hamiltonian, respectively, and H,, is the Hamiltonian
for the torsion-rotation interactions. These Hamil-
tonians may be written as,

H, = AP2 + BP,2+ CP2+ F* @)

H, = Fp* + V(o) 3)

H, = —F(poP+Pps) = —2Fp.P (4)
and

A = W21, etc (5)

1) W. Gordy and R. L. Cook, “Microwave Molecular
Spectra”, Interscience Publishers, New York, N. Y. (1970), Chap.
12, p. 423; J. E. Wollrab, “Rotational Spectra and Molecular
Structure”, Academic Press, New York, N. Y. (1967), Chap. 6,
p. 145.

2) K. D. Moller and W. G. Rothschild, “Far-Infrared Spectro-
scopy”’, Wiley-Interscience, New York, N. Y. (1971), Chap. 8,
p- 256; A. Finch, P. N. Gates, K. Radcliffe, F. N. Dickson, and
F. F. Bentley, “Chemical Applications of Far Infrared Spectro-
scopy”’, Academic Press, New York, N. Y. (1970), Chap. 4, p. 78.

3) C.C. Lin and J. D. Swalen, Rev. Mod. Phys., 31, 841 (1959);
D. R. Herschbach, J. Chem. Phys., 31, 91 (1959).

F = 1?[2rl, (6)
r=1-=32L/I, (g=a,b,orc) (7)

where I, is the principal moment of inertia of the entire
molecule, I, is the moment of inertia of the internal
rotor about its symmetry axis, 4, is the direction cosine
between the principal axis (g) and the internal-rotation
axis. P, is the component of the total angular momen-
tum (in unit of #) along the principal axis g,

P=[P,P,P] (®)
b, is the angular momentum of the internal rotor along
its symmetry axis and V() is the potential energy for
the internal-rotation. The angular momentum 2 in
Egs. (2) and (4) is given as
# = SY0,L/1)P; = p-P ©)
where
ﬁ = [}'aIa/Ia AbIa/Ib )'cIa/Ic] (10)
In the present study, the torsion-rotation interaction
H,. [Eq. (4)] is treated as the perturbation term. The
eigenvalues and wave functions of the rotational
Hamiltonian H, [Eq. (2)] are denoted as E, and [r>,
respectively. The eigenvalues and wave functions of
the torsional Hamiltonian H; [Eq. (3)] are denoted
as E,, and |vc>, respectively, where v is the torsional
quantum number and o is the symmetry index (o=
0 for A and c=+41 for E species). The unperturbed
wave function is constructed as the product of the
torsional and rotational parts, |vs>|r> and the matrix
elements of the perturbation H,, is given by

(13| <va03| H,p 010 |71)
= —2F{1y|<v363| paP|v10) |11>
= —2F04,0,{0203] pa|0161> | P| 1> (11)

Accordingly, with the first-order perturbation theory,
the perturbed wave functions |ve,r> are given by

lve, 1) = |ve)|r>
—2FSYS)

i

{V's| palvadr'|P|r)
(Eye+E;) —(Eyo+Ey)
Neglecting the rotational energy differences (E,—E,)
as compared with the torsional energy differences
(Eww—Eys), Eq. (12) may be rewritten as

|vo, > = |ved|r>

—2F[g’%|0/6>][§]<r’]@]r>[r’)] (13)

[o'ad|r’>  (12)
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Line Strength of Torsion-Rotation
Transition

The absorption intensity (/) for the transition be-
tween states A and B is given by?

I= % 8naVAB —72Blexp (—E,[kT) —exp (—Ep/kT)]Sxs (14)

where n is the number of molecules per unit volume,
z is the partition function, E, and Ep are the energy
of the states A and B, respectively. »,p is the transition
frequency
vap = (Eg—E,)/h
and S,s is the line strength given by
Sap = ggl(blﬁlaﬂz = 3§}¥l<blﬁyla>|2

where a and b denote individual degenerate substates
of A and B, respectively, #& is the electric dipole moment
operator in the space-fixed coordinate system, and Zp
is the F component. The component iy is related to
the molecule-fixed dipole moment operator u, by the
direction cosine ®r, between the space-fixed F axis
and molecule-fixed g axis,

iy = q’F'I‘ = Xg}(bi‘gﬂg
EDF = [Pps Dy Prel (18)
= [p pynt] (19)
In general, the molecule-fixed dipole moment g,
depends only upon vibrational coordinates whereas the
direction cosines ®y, depend only upon rotational
coordinates. For a molecule with a rigid frame and
a symmetric internal rotor, then, the transition moment
for the unperturbed wave functions |v6”>|r>> may be
written as
1| <ve03|Hp| 0100 | r1>

= {0303|p|0101) + {15 Pr| 1>

= g(vzazl/‘gl 0161 {13 | Dpg|r2>

Furthermore, with the present model, the molecule-
fixed dipole moment gz in Eq. (20) is independent of
the internal rotation and is equal to the permanent
dipole moment z°.

2= p° = [ uy ul]
Accordingly, for unperturbed wave functions,

(15)

(16)

(17)

(20)

(21)

<”z°'2lllglv1°'1> = ﬂg@z(’zl”lﬁ) = ﬂgév.vﬁa.a. (22)
and Eq. (20) may be rewritten as,
{13|<v30| x| 010> |10>
= {13030 | u° Br|vy0> | 11>
= 01,000,048 2| P>
= 00,0,00.0,{"2) x| 7> (23)

The matrix element of the transition moment for
|0569,75> <—|vy64,7,> is now derived from the perturbed
wave function |ve,r> [Eq. (13)] and the transition
moment for unperturbed wave functions |v6>|r> [Eq.

23)].

4) B. L. Crawford, Jr. and H. L. Dinsmore, J. Chem. Phys., 18,
983 (1950).
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{0363, Ta| | 0161, 11> = 72| <va0s|lip|v16> |7>

2Pyl 1 | ol oo >

—2F S\ <uumi] pF[vcl>|r><r|9P]rl><gLM2—
= 5v.u.5¢r.a,<'2] ﬂF['l)
2 Sy SO 191003 il

V103

~2F Y S0l <1 Pl UL (31

Here only for 6;=0,(=0), the transition moments are
nonvanishing. Furthermore, for torsion-rotation transi-
tions (v;#v,), Eq. (24) may be rewritten as,

{vs0, ’zlﬁpl”ﬂ’, %

= —2r s SR ) ol ol

V0

E

V10

+ <’z[ﬂr]f><r|.@[rl><”Llpalvl_i>_]

_ 2F%%>_<r2]ﬂp~?—@ﬁﬂ’1>

v~ oo

= 9F <22G[§1‘E7{16> <72|[ﬂF2 -@]i’1> (25)

The commutation [fy,#] in Eq. (25) may be derived
from the commutation relations between the angular
momentum P, (g=x, y, or z) and the direction cosines
(DFg’s)

(26)
(27)

[cbr‘x, P x] = (I)FXP x Py, =0
[®rs, Pyl = [Py, Dpy] = — iy, ele.
From Egs. (9), (17), and (21),

i, 2] = [(u°-®x), (p- P)]
[(usPpx+ 13 Dry + 12Dr,), (pxPx+ 03Py + 0,F5)]
—i{(45p.— 130y) Prxt (UoPx — 120,) Dry
+ (Uzpy — #30x) s}

= —i(u°X p)- Pr (28)
Substituting Eq. (28) into Eq. (25), the transition
moment is finally expressed as the product of the
vibrational part and rotational part.

<050, 73 fIx|016, T2
= [~ Gl ol (riaalr}y  (29)

v~ o
[vibration]

1l

[rotation]

Absorption Intensity of Torsional Band

The vibrational part of the transition moment may
be used for deriving the integrated absorption intensity
of the torsional band. Thus, the molar absorption
intensity of the torsional transitions |v-1,6> «[v,6>
is given by

N 8
Ioivstso = o o [exp (= EuofkT) =exp (= Eoy1,olkT)]
X‘l’le[lOX Izl<v2°'lpa]vlc>[ (30)

‘v+1,a' Ev,o

5) P. C. Cross, R. M. Hainer, and G. W. King, ibid., 12, 210
(1944).
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where N is the Avogadro number. The integrated
absorption intensity of the torsional fundamental band
is given by

Sbandoc(v)dv D S (31)

where «(v) is the molar absorption coeflicient for the
absorption frequency ».

For a high barrier case (see Appendix I), the energy
levels E,, and the integrals <v+1,6|pa|v,6> are almost
independent of the symmetry index ¢, and from Egs.
(A3), (A7), and (A8),

[<o+1]pa]od|* = (N/2)*[(v+ 1)s*/2/2][1 — (v + 1) [257/%] (32)

Ey—E, = (N[2)*F[2s'?][1— (04 1) [2s1/%] (33)
so that
[<o+1]pafop[? _
Zy—E, (v+1)/AF (34)
Substituting Eq. (34) into Eq. (30),
_ N 8#° _ _ 5
Ly, = = 3ty LXP (—Eo/kT) —exp (—Ey,1/kT)]

XX p|*F(o+1) (35)

Finally, with the harmonic oscillator approximation for
energy levels, the integrated absorption intensity of the
torsional band is obtained by substituting Eq. (35) into
Eq. (31),

Sb al)dv == (87 N/30)F | X pl* (36)

Discussion

Absolute Absorption Intensity. By the use of Eq.
(30) [or (35)] and (31) [or (36)], the integrated inten-
sity of the torsional band may be calculated from
molecular structure parameters and molecular dipole
moment. The theoretical intensity value is also useful
for estimating the path length and sample pressure
required for absorption measurements.

The absorption intensity is proportional to F'|g° X p|?
as shown in Eq. (30). Accordingly, the fundamental
transition is forbidden for molecules in which the dipole
moment z#° and the p vector are parallel to each other,
for examples for CH;—CX; CH;NO, efc. On the
other hand, if the dipole moment #° is nearly per-
pendicular to the p vector, the absorption intensity is
strong. For a simple example, if the dipole moment
is parallel to the a axis (u°=u°,, #°p,=u4"°.=0) and the
symmetry ‘axis of the internal rotor is parallel to the
b axis (A,=1.=0, pa=p.=0, Ay=1, pp=1,/1}), the
absolute intensity of the torsional band is given by

83N h2l, I \?
dy =05 My [ oda
Sm‘"(” V= e B, 1) (" 1,,)

= (Nr/3¢) (u°)* Lo/ 1,(1, — L) (37)

Thus, for this simple case, the absorption intensity is
nearly proportional to the inversed square of the
moment of inertia (f,) of the entire molecule. In
general, the absorption intensity of torsional vibrations
is expected to be weaker for a molecule with a larger
(heavier) frame than for a molecule with a smaller
(lighter) frame.

Hiromu SuceTa and Tatsuo Mivazawa

[Vol. 46, No. 9

As an experimental proof of the present intensity
theory, the far infrared bands due to methyl torsional
vibrations were studied. The far infrared spectra of
propylene oxide CH3—C\%*/CH2 and propylene sulfide

(]H?,—(]\Ig—/CH2 have been reported previously by

Fateley and Miller.®) In the present study, however, the
absorption intensities of the torsional bands of these
molecules were remeasured with a Hitachi FIS-3 Far
Infrared Spectrophotometer. It is experimentally dif-
ficult to determine the absolute values of the absorption
intensities in the far infrared region. Therefore, the
absorption intensities of these two molecules were meas-
ured with the same spectral conditions and were found
to be 0.9, and 0.2,cm—2-atm=! for propylene oxide
and sulfide, respectively, at 300 K. On the other hand,
the theoretical intensity was treated with Eqs. (30) and
(31) and the intensity values were calculated as 1.76
and 0.45 cm—2-atm~! for propylene oxide and sulfide,
respectively, at 300 K, from the structure parameters
and dipole moments as determined by the analyses of
microwave spectra.”®) The experimental ratio of the
absorption intensities of propylene oxide and sulfide
is 4.4: 1, in good agreement with the theoretical intensity
ratio of 3.9: 1.

The theoretical intensity of propylene oxide and
sulfide was also treated with the harmonic oscillator
approximation [Eq. (36)]. Although the barriers were
not extremely high (s=~69 for oxide and ~89 for
sulfide), the calculated intensity values of 2.03 and
0.47 agreed fairly well (especially for sulfide) with the
intensity values calculated with Eqs. (30) and (31).

Orientation of Transition Moment. The band
envelopes of absorption bands depend upon the direc-
tion of the transition dipole moment. The direction
of the transition moment for the torsional vibration of
the present model is given by the vector product of
#°Xp. This vector product is useful for predicting
the type of the torsional bands of asymmetric-top
molecules, since otherwise the direction of the transition
dipole moment may not be determined from the
molecular symmetry.

The molecules of propylene oxide and sulfide belong
to the point group G, and the direction of the transition
moment can not be determined from their molecular
symmetry. However, from the present theory, the
intensity ratio of the A, B, and C type transitions is
calculated as 3:18: 100 for propylene oxide and as
1:16: 100 for propylene sulfide and accordingly both
molecules are expected to exhibit prominent C-type
band envelopes with sharp Q branches. In fact, as
shown in Fig. 1, the far infrared spectra of propylene
oxide and propylene sulfide exhibit Q-branch series
primarily due to the C-type transitions.

Deuteration Ejfect of Methyl Group. The deutera-
tion of a methyl group reduces the F value to about
one half but approximately doubles the p vector.

6) W. G. Fateley and F. A. Miller, Spectrochim. Acta, 19, 611
(1963).

7) J. D. Swalen and D. R. Herschbach, J. Chem. Phys., 27, 100
(1957).

8) S.S. Butcher, ibid., 38, 2310 (1963).
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Fig. 1. Far infrared spectra of propylene oxide (path length
of 4.9 m and sample pressure of 50 Torr) [A] and propylene
sulfide (path length of 4.9 m and sample pressure of 96
Torr) [B].

Accordingly, the value of F'|u° X p|? is increased nearly
twice by the deuteration of the methyl group. For
the simple example of Eq. (37), the absolute intensity
of the torsional band is nearly proportional to I, the
moment of inertia of the internal rotor, so that the
intensity is nearly doubled on the deuteration of the
methyl group. It is interesting to remark that the
absorption intensities of the torsional vibration of the
methyl group is expected to increase whereas the
absorption intensities of the C-H stretching vibrations
are decreased on deuteration of the methyl group.
In fact, for ethyl fluoride, the absorption intensity of
the torsional vibration of the methyl group was found
to increase on deuteration of the methyl group.?

Appendix I High Barrier Approximation
The Hamiltonian and the wave equation for the internal
rotation with the N-fold symmetry may be written as
H=Fp?2 + Vy(l—cos Not)[2 [po= —i(d/dx)]
H?FW(“) = qufurr(“)

(A1)
(A2)

9) H. Sugeta, Y. Adachi, and T. Miyazawa, The 28th Annual
Meeting of the Chemical Society of Japan (1973), 2P05, p. 335.
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where E,, and ¥, () are the energy and wave function of
the vo state (v: torsional quantum number, c: symmetry
index). Equations (Al) and (A2) may be transformed into
a reduced form by the following transformations,

H = (N/2)2Fyq

pa = (N2)p, [px=—i(d/dx)]

Vy = (N/2)%Fs

No = 2x

Wv(r(‘x) = (I)mr(x)

Eye = (N[2)%Fb,, (A3)
M = P2 + s(1—cos2x)/2 (A4)

For a high barrier case (s>>1), Eq. (A4) may be expanded
in the power series of x.

n=p? + sx? — (1/3)sxd + (2/45)sx8 — ... (A6)

Equation (A6) may be treated as a perturbed harmonic
oscillator Hamiltonian. The eigenvalues &, for 5,&s are
derived by the second-order perturbation theory.

b, = s2(204+1) — (1/29)[(20+ 1)2+1]
— (1/29)s72(20+ 1)[(20+ 1)2+ 3] (A7)

The matrix elements of p,, p.2, x, and x? are given, through
first-order, as follows.

o+ 1] piloy = isVA[(o+1)/2]V2[1 — (1/4)s~ 2 (p+ 1)]
o+ 3|plvd = —i(1/8)s™14[(v+ 1) (v +2) (v+ 3)/2]1/2

lpelvy = = pilo> (A8)
ol pBlod = (1/2)sY2(20+ 1) — (1/8)[(20+ 12+1] A
w+2|p2loy = —(1/2)s*2[(0+ 1) (v +2)]*2

X [1—(1/8)s=1/2(2p+3)]
o+4pPo> = (18)[(v+1) (v+2) (v+3) @ +4)]'72
ol plto> = | ptlod (A9)
o+ 1]x[v) = s~ (o4 1)/2]Y3[1+ (1/4)s™ /2 (v 1)]
w+3lx[y = —(1/24)s4[(v+ 1) (v+2) (v + 3)/2]/2
{o|x|o"y = '|x|v) (A10)

olx¥vy = (1/2)s™Y2(20+ 1)+ (1/85)[(2041)2+1]
o+2lx%oy = (1/2)s7 2 [(v+ 1) (0 +2)]'/2

X [14(5/24)s7/%(20+ 3)]
o+ 4oy = —(1/249)[(0+ 1) (0+2) (04 3) (0 + 4)]1/2
Qo> = |40 (A1)






